Abstract: We investigate the magnetic susceptibility (χ) of the QCD vacuum at finite quark-chemical potential (µ = 0) and at zero temperature (T = 0) to explore the pattern of the magnetic phase transition of the vacuum. For this purpose, we employ the framework of the µ-modified nonlocal chiral quark model from the instanton vacuum in the chiral limit. Focusing on the Nambu-Goldstone phase characterized by iq † q = 0, we find that the magnetic susceptibility χ turns out to decrease smoothly with respect to µ. At the critical quark-chemical potential, µ c ≈ 320 MeV, the strength of the χ becomes about a half of its vacuum value, and the first-order magnetic phase transition takes place.
Introduction
It is of great importance to understand properties of the QCD vacuum, since they reflect strong nonperturbative fluctuations and lay the foundation for constructing hadrons. In particular, the quark condensate characterizes the nonperturbative features of the QCD vacuum and plays a role of an order parameter associated with spontaneous chiral symmetry breaking (SχSB) which is known to be essential in describing low-energy hadronic phenomena. It is also of great interest to see how the QCD vacuum responds to external fields such as the electromagnetic (EM) field, since it reveals the EM properties of the vacuum. The magnetic susceptibility of the QCD vacuum features the response of the QCD vacuum to the constant external EM field. The magnetic susceptibility is represented by the notation χ and defined as the vacuum expectation values (VEVs) in Euclidean space:
where e q denotes the electric charge of the quark and F µν represents the EM field-strength tensor. The iq † q stands for the quark (chiral) condensate taken as a normalization. Recently, Braun et al. [1] have proposed that the χ may be measured in the exclusive photoproduction of hard dijets γ + N →+ N . Theoretically, there have been already many works on it in the QCD sum rules and chiral effective models [2, 3, 4, 5, 6, 7, 8] . The magnetic susceptibility is also related to the photon distribution amplitude [4] . It is also of great importance to understand how the QCD vacuum undergoes changes at finite density and temperature, since the QCD phase structure as a function of them reflects the nontrivial nature of the QCD vacuum. In fact, there has been a great amount of works on the in-medium modification of the QCD vacuum, in particular, of the quark condensate. Since at very high temperature and chiral symmetry is expected to be restored, the modification of the quark condensate in medium will provide a definite clue for the restoration of chiral symmetry (see, for example, recent reviews [9, 10, 11, 12, 13] ).
Similarly, since the χ encodes its response to the external EM field, it is of great interest to see how it is changed at finite density in order to study the pattern of the magnetic phase transition of the vacuum. In particular, it may shed light on the structure of neutron stars in which the magnetic field is known to be very strong [14] . Moreover, it is essential to understand the medium modification of the magnetic susceptibility of the QCD vacuum, in order to describe the exclusive photoproduction of the hard dijets.
In the present work, we investigate the χ in the presence of the finite quark-chemical potential (µ = 0) at zero temperature (T = 0) within the framework of the µ-modified nonlocal chiral quark model (NχQM) derived from the instanton vacuum [15] . Note that we concentrate on the Nambu-Goldstone (NG) phase, characterized by the nonzero chiral condensate iq † q , since the definition of the susceptibility in Eq. (1.1) is defined properly only in that region. The magnetic phase transition of the QCD vacuum after the chiral restoration, corresponding to the color-superconducting (CSC) phase, is beyond the scope of the present work. Within the present framework, we can write the VEVs in Eq. (1.1) as functions of µ. In addition to them, the EM field-strength tensor F µν can be also written as a function of µ, since the F µν contains the µ-modified time derivative, ∂ 4 −µ that is different from the free-space case, arising from the breakdown of Lorentz invariance. According to this modification, the magnetic susceptibility acquires additional terms, which appear only in the time components of the F µν , F 4i and F i4 for i = 1, 2, 3. However, we verify that this time-direction modification of the magnetic susceptibility turns out to be small and gives only below 10% deviation from that without it.
First, we calculate the chiral condensate and the diquark energy gap (∆) to see the pattern of the QCD phase transition for N f = 2 and N c = 3, so that we observe that the first-order phase transition appears at µ ≈ 320 MeV ≡ µ c , shifting from the NG phase to the CSC one. Using the chiral condensate computed, we show that the χ decreases smoothly with respect to the µ, and the first-order magnetic phase transition takes place at the µ c . At this point, the strength of the χ becomes about a half of its vacuum value, whereas the quark condensate remains almost the same in the NG phase region.
We organize the present work as follows: In Section II, we briefly explain the NχQM from the instanton vacuum with finite quark-chemical potential. In Section III, the numerical results of the present work are discussed and compared with those of other works. The final Section summarizes the present work and draws conclusions.
Nonlocal chiral quark model at finite density
A modified Dirac equation with the finite quark-chemical potential (µ) in (anti)instanton ensemble can be written in Euclidean space as follows:
where µ µ = (0, 0, 0, µ). Note that we consider here the chiral limit (m q = m u = m d = 0). The subscript (Ī)I stands for the (anti)instanton contribution, and we use a singular-gauge instanton solution:
where η αν µ andρ denote the 't Hooft symbol and average instanton size, respectively. Then, the quark zero-mode solution can be obtained by solving
The explicit form of Ψ (0) can be found in Refs. [16, 15] . The effective partition function can be constructed by the would-be zero mode of Eq. (2.3) and will be given in detail later. The quark propagator in one instanton background can be defined as follows:
where S 0 is a free quark propagator, S 0 = (i/ ∂ − i/ µ) −1 . The quark propagator goes to infinity in the chiral limit (m q → 0) 1 . In the r.h.s. of Eq. (2.4) we assume that the lowenergy states are dominated by the quark zero mode, Ψ (0) IĪ . Using Eqs. (2.2) and (2.4) and averaging over all instanton collective coordinates, we can obtain the following expression for the quark propagator in momentum space:
The momentum-and µ-dependent effective-quark mass, M (p, µ) corresponding to the Fourier transform of the quark zero-mode solution of Eq. (2.3) reads: 6) where M 0 is the constituent-quark mass depending on µ which will be determined consistently within the model. Analytical expressions for ψ 4 and ψ are given in Appendix [15] .
Since it is not convenient to use the effective-quark mass defined in Eq. (2.6) in numerical calculations, we introduce a dipole-type parameterization for it:
Here, the Λ represents the cutoff mass which corresponds to the inverse of the average (anti)instanton size (ρ ≈ 1 3 fm), giving Λ ≈ 600 MeV. We have verified that this simple parameterization reproduces Eq. (2.6) qualitatively very well [17] . One can refer to Ref. [18] for more quantitative studies on the parameterized M (p, µ).
Now we are in a position to consider the effective partition function of the NχQM with the finite µ. It can be written as follows:
(2.8)
1 Note that the chiral limit will be taken after the low-energy effective partition function is obtained.
Note that, as mentioned, this effective partition function has been constructed in order to obtain the quark propagator given in Eq. (2.4). The V indicates the four-dimensional volume, whereas N is the sum of the number of the (anti)instantons, N = N + + N − . Considering the CP -invariant vacuum, we assume that N + = N − = N/2. The variational parameter, λ plays a role of the Lagrangian multiplier. The parameter M is necessary to make the argument of logarithm dimensionless. The Y ± 2 stands for the 2N f -'t Hooft interaction for N f = 2 in the instanton background with the µ:
where the subscripts L and R denote the left-and right-handed quark spinors. The integration measures, z and U stand for the instanton center and color orientation. We use the notation x ± = x µ σ ± µ , in which we define the σ ± µ = (±iσ, 1) as in Ref. [15] . All calculations are performed to order O(λ).
Phase structures: NG and CSC phases
In this Section, we briefly review the phase structure of the QCD vacuum for µ = 0 and T = 0 as already discussed in Ref. [15] . Since we are interested in the case of N f = 2 and N c = 3, there are various phase structures characterized by the different order parameters g and f for the Nambu-Goldstone (NG) and color-superconducting (CSC) phases, respectively [15] . They can be computed from the quark loops of the normal (G) and abnormal (F ) quark propagators, which correspond to the Dyson-Schwinger-Gorkov (DSG) equations:
where the vertex functions are defined as
Here, ∆ stands for the diquark energy gap, corresponding to the diquark correlation. Note that we consider only the pure NG and CSC phases for simplicity. Hence, the metastable mixed phases of the NG and CSC are not taken into account. The two phases are then characterized by g = 0 and f = 0 for the NG phase and vice versa for the CSC one. Using Eqs. (3.1) and (3.2), we write the condensates f and g as follows:
In turn, M 0 and ∆ can be also expressed in terms of g and f :
Minimizing the partition function of Eq. (2.8) with respect to λ, we can obtain a saddlepoint equation as follows:
Since Y + + Y − corresponds to an infinite number of the quark-loop integrals with G and
, it can be rewritten in terms of f and g as above. There is one caveat here:
We assume that there is no density dependence in the instanton packing fraction N/V for the O(λ). Thus, we use its vacuum value N/V ≈ (200 MeV) 4 for µ ≥ 0. Plugging Eq. (3.3) into Eq. (3.6) for the NG and CSC phase regions, we get M 0 and ∆ numerically in such a way that they satisfy the saddle-point equation.
In the left panel of Fig. 1 , we draw M 0 and ∆ with respect to µ. Considering the critical density is defined by the following condition [15] :
we find that µ c becomes about 320 MeV for our parametersR ≈ 1 fm andρ = 1 3 fm. In Fig. 1 , the critical point µ c is indicated by the vertical dashed lines. Note that M 0 decreases as µ increases and disappears for the region beyond µ c . From the critical point, the diquark energy gap turns out to be finite (∆ ≈ 120 MeV) and starts to derease mildly. We note that the quark density starts to exist from µ = M 0 , which lies below the µ c as shown in the left panel of Fig. 1 , as quarks appear explicitly. Moreover, soon after this µ value, the phase transition takes place. Hence, we can observe sharp changes for the order parameters such as the iq † q and χ in the vicinity of the µ c . These numerical results have been already studied in detail in Ref. [15] . Similarly to Eq. (3.6), we can also derive the quark condensate from the partition function, which is another order parameter for the NG phase:
In the right panel of Fig. 1 we show the numerical result for the quark condensate with respect to the µ. It turns out that it increases slowly as µ does. In the vicinity of the critical point, it gets larger by about 4 ∼ 5% in comparison to its vacuum value. Thus, we can conclude that the quark condensate remains nearly the same as the vacuum value within the NG phase. Because of this fact, the quark condensate below µ ≈ 300 MeV, which corresponds approximately to normal nuclear matter density (ρ 0 ≈ 0.17 fm ), can be considered almost as the vacuum one, as pointed out in Ref. [13, 19] . 
QCD magnetic susceptibility at finite µ
In this Section, we start to consider the VEVs of Eq. (1.1) within the same framework. For this purpose, it is convenient to write the effective chiral action with the external tensor source field T . The effective chiral action can be obtained by bosonizing the partition function given in Eq. (2.8):
where Sp stands for the functional trace d 4 x x| · · · |x including traces running over color (c), flavor (f ) and Dirac spin (γ) spaces. The iD µ indicates the covariant derivative, i∂ µ + e q V µ , in which e q and V µ are the quark electric charge and external photon field, respectively. The σ µν is the well-known spin antisymmetric tensor defined as σ µν = i(γ µ γ ν − γ ν γ µ )/2. The σ · T denotes σ µν T µν in which T µν designates the external tensor field. Note that the effective chiral action in Eq. (4.1) is the gauged one. It is well known that nonlocal interactions break the gauge symmetry, due to which the Ward-Takahashi identity is not preserved. Although we can make the gauge invariance of the effective chiral action preserved by introducing the gauge connection, the effective action depends on the path in the gauge connection. The straight-line path is usually chosen as a trial [5, 20] , though there is in general no physical reason why other choices should be excluded. It turns out that this simplest choice enables us to use the gauged effective chiral action in Eq. (4.1), which preserves the gauge symmetry. More detailed discussions on this issue can be found in Refs. [5, 20, 21] .
Differentiating Eq. (4.1) with respect to the external source T , we can evaluate the VEV in the l.h.s. of Eq. (1.1) as follows:
where S stands for the quark propagator given in Eq. (2.5) with the covariant derivative. Note that we take in the present work the large N c limit. Using the Schwinger method [22] , we can evaluate Eq. (4.2) in momentum space:
Note that we are interested only in O(e q ). We have used the simplified notationp = p + iµ and the identity [P µ , P ν ] = ie q F µν . The commutation relation can be further evaluated as:
Here, we note that there appears an additional modification in the time direction of the EM field strength-tensor, F 4ν , due to the change i∂ → i∂ − iµ. The derivative of the effective-quark mass is defined as
For convenience, we call the terms proportional to theM as a nonlocal contribution since they arise from nonlocal (derivative) interactions, whereas the terms without M a local one. Having performed the trace of Eq. (4.2) over flavor space, we obtain the following result:
Here, we have ignored the terms proportional to p µ in the second line of the above equation, since they are negligible according to the integral identity d 4 p p µ f (p 2 ) = 0. The additional terms from the time-direction modification, µ 2 (δ ν4 F 4µ − δ µ4 F 4ν ), are shown up in the F 4i and F i4 for i = 1, 2, 3. Now, we are in a position to carry out the functional integral and the trace over the color (c) and flavor (f ) spaces without the time-direction modification, and arrive at the following compact relation for the magnetic susceptibility χ:
One can easily see that Eq. (4.7) is a generalized expression for Eq. (52) given in Ref. [5] by replacing p → p + iµ, if one ignores the time-direction modification. Switching on it, we can rewrite the χ with an additional term as follows:
(4.8)
The same expression also holds for F i4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . • . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . • . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . We present now the numerical results for χ as functions of µ. In the left panel of Fig. 2 , we show them for the χ iq † q as a function of µ and draw each contribution (local, nonlocal and total) separately. The local contribution smoothly decreases with respect to µ, where as the nonlocal one is rather flat. Thus, the total result decreases slowly as the quark-chemical potential increases. Note that both of them vanish as the M 0 becomes zero at µ c just as the quark condensate, indicating the first-order phase transition. At µ = µ c , the χ iq † q becomes about a half of its vacuum value (∼ 47 MeV), which is well consistent with that computed in Ref. [5] and is also compatible with those from the QCD sum rules [2, 3, 4] .
Considering the fact that the quark condensate is stable for the NG phase as shown in the right panel of Fig. 1 , the χ itself also behaves similar to the χ iq † q as drawn in the right panel of Fig. 2 . As shown in the figure, the magnetic first-order phase transition takes place at a certain quark-chemical potential, µ c . Similarly, we also draw the time-direction modified χ, ∆χ in Eq. (4.8), in a dashed line. It turns out that the modification is small and gives below 10% deviation from that without it. Hence, qualitatively, the χ can be defined rather safely with Eq. (4.7) which justifies the simple replacement, p → p + iµ. We note that, considering the fact that normal nuclear matter density may correspond to µ ≈ 300 MeV [13] , our estimation of the χ at that value becomes about 1.5 ∼ 2.0 GeV −2 , which may help to understand the medium effects on the exclusive photoproduction of the hard dijets [1] .
In Ref. [14] , the color-symmetric one-gluon exchange (OGE) was employed to investigate the χ in medium in addition to the static screening effect. As a result, a sharp divergence was observed for the χ near the normal nuclear density, although it depends on the screening and the current-quark mass. This observation may be consistent with the present results.
Summary and conclusion
In the present work, we have investigated the QCD magnetic susceptibility χ, induced by the external constant electromagnetic field, for the finite quark-chemical potential, µ = 0. We have focussed on the Nambu-Goldstone (NG) phase, in which the diquark correlation does not appear whereas the quark condensate remains finite. We employed the nonlocal chiral quark model derived from the instanton vacuum at the low renormalization point 600 MeV that corresponds to the inverse of the average instanton size (ρ ≈ 1/3 fm) and the average inter-instanton distance (R ≈ 1 fm).
We started with the µ-modified Dirac equation to obtain the quark propagator in the instanton ensemble. The effective quark mass can be obtained from the Fourier transform of the quark-zero mode solution. We also used the parameterized dipole-type form factor to circumvent numerical problems. The effective partition function was obtained by taking into account the quark propagator in the instanton background. Solving the DysonSchwinger-Gorkov equations, we were able to compute the condensates g and f which are the order parameters for the NG and color-superconducting (CSC) phases, respectively. Considering the relation between the constituent quark mass (M 0 ) and diquark energy gap (∆) depending on µ, we found that the critical density µ c turned out to be about 320 MeV at which the phase transition occurs. The M 0 and ∆ were determined uniquely within the model by using the saddle-point equation, which was obtained from the functional derivative of the effective partition function with respect to the variation parameter λ. We, however, assumed that the instanton packing fraction N/V does not deviate much from its vacuum value ∼ (200 MeV) 4 in the O(λ). In addition, the quark condensate was also computed and very stable for the NG phases with only a few percent change as shown already in Ref. [15] .
Using the gauged effective chiral action with the finite quark-chemical potential, we computed the magnetic susceptibility of the QCD vacuum (χ) to investigate the magnetic phase transition of the vacuum. We observed that the time-direction modification in the electromagnetic field tensor gives only small contribution to the result. In other words, the simple replacement, p → p + iµ, works qualitatively well. The numerical results indicate that the χ decreases smoothly with respect to µ and becomes a half of its vacuum value in the vicinity of the critical point, at which the first-order magnetic phase transition occurs. Related works including explicit flavor SU(3) symmetry breaking effects as well as meson-loop corrections at finite density are under progress.
